We give a generalization of Morita's works on ground states of Ising chains, for chains with a periodic structure with different spins, and distant neighbor interactions. The main assumption is translational invariance. The length of the irreducible blocks is a multiple of the period of the chain. In the case of parity invariance, it restricts the length in general only in the diatomic case. There are degenerated states and under certain circumstances there could be nonregular ground states. We illustrate the results and give the ground state diagrams in several cases.
I. INTRODUCTION
The Ising model has been an important means in the study of statistical systems, since its formulation in 1925. It is an arrangement of spins with exchange interaction, located on the sites of a lattice and which for a certain configuration of the spins has a hamiltonian
where J ij are the interaction coupling constants and h i is an external magnetic field. Each spin interacts with its neighbors up to some range and, for chains, in order to avoid doubling, the interactions are accounted from the left to the right, i.e. the energy of a spin is taken to be the one corresponding to its interactions to its right. In general periodic boundary conditions are imposed, although for our purposes they are not necessary. The exchange interactions in (1) could be of a more general form, for example biquadratic.
In an uniform configuration, translational invariance along the lattice requires that J ij depend on the relative position of the lattice sites, i.e. J ij = J(|i − j|), and the magnetic field is constant. These chains are invariant under inversion or parity. The study and classification of classical ground states for Heisenberg chains has been pursued also for a long time [5, 6] . For the Ising chain Luttinger and Tisza conjectured that it should be given by a regular lattice, formed by the repetition of an elementary block, and as quoted by Karl [7] , the minimal configuration of classical spins is the usual starting point for the quantum treatment. In this paper, [7] , a proof of the conjecture under certain assumptions has been given, mainly that the spin-spin interactions are parity invariant, and the proof based on the decomposition of the energy expression into several terms which are then minimized.
The ground states for uniform chains with a general form of the exchange energy, have been thoroughly studied by Morita [2] , who generalized previous work [8, 9] and has shown that the energy of a chain can be written as the sum of energies of irreducible blocks, from which the ground states turn out. The results of Morita can be seen to rely basically on translational invariance. Moreover, there is a certain degree of degeneracy under ground states due to translational invariance [2] , which puts limits on the maximum length of irreducible blocks, which is further constrained by invariance under parity transformation [3, 4] .
In this work we generalize Morita's approach to chains which are nonuniform at short scale but uniform at large scale, i.e. they are periodic, with site dependent couplings and in general different spins. They could be used to modelate for example polymers [10] , lattice gases [11] and through competing interactions could arise frustration [13] . If the period is l, there are l different types of atoms (spins), which interact with the other spins in a translational invariant way, but with a coupling dependent on the atom type or site. Thus a chain of this sort will have the form · · · S j+l · · · , where the upper index denotes the atom type, and the lower index denotes the position on the chain. Further, as the labeling is a matter of convention, if we speak on molecules, they could begin at any place in the chain, then repeating regularly. Thus when we refer to molecules, we will understand substructures with this ambiguity.
The exchange energy between two spins is usually given by
where the dependence of the coupling on the type of the second spin is implicit in the dependence on its position. The function φ can be as usual bilinear, biquadratic, etc. Morita has considered generalized multispin interactions of range r, with Hamiltonian
where the function φ is translational invariant. This form can be generalized for polyatomic chains and we show that the length of irreducible blocks satisfy the same main criteria of Morita. Further, there is an equivalence of an irreducible block and its cyclic permutations and the length of an irreducible block is a multiple of l. In general there is parity invariance only when the molecules are parity invariant, otherwise the highest length of irreducible blocks depends on the period, the interaction range and the spin values. Morita sets limits of the maximal length of ground state blocks due to parity invariance [4] , we give an explicit demonstration of these results. The ground states are obtained by direct energy comparison in the parameter space of the chain and we give the irreducible blocks in various examples and their ground state diagrams. The outline of the paper is the following. In Sec. 2 we review Morita's formulation [2, 4] , in Sec. 3 we give the generalization to diatomic chains with distant neighbor interactions, in Sec. 4 the generalization is given for polymeric chains, in Sec. 5 the ground state diagrams for some examples are given and in Sec. 6 conclusions are drawn.
II. MORITA'S FORMULATION
In this section we will consider Morita's formulation for the reduction of a one-dimensional homogeneous chain [2, 4] with Hamiltonian given by (3). Morita defines "displaceable" blocks and by means of them the reducibility of a chain, which allows to obtain the ground states as irreducible states of minimum energy. Additionally he establishes a maximal length for the irreducible states, from which regular chains are constructed. We are not going into the explicit details of Morita's approach. Instead, we make a formulation in different and somewhat simpler terms, which will be then generalized for multiatomic chains.
Take first the simplest Ising chain C with N spins S = ±1 and next nearest neighbor interaction. In the following we will consider for simplicity bilinear Hamiltonians, with constant magnetic field, although the steps done and the results do not depend on this form and are valid for the hamiltonian (3)
where in general the chain is periodic, but if it is finite, then S i = 0 for i > N or i < 1. If 2 adjacent spins have the same value U , i.e.
, then the energy of the chain can be written as
where S n+1 = S n+2 = U . Due to translational invariance the middle term on the r.h.s does not depend on its position in the chain. This term is the energy of the spin U in such a way that to its right there is a similar spin. In general, with the convention that the interactions of a spin are accounted to the right, the energy of a block B whose interactions are with the r spins of a block K, where r is the interaction range, will be written as E(B; K). However we will write simply E(B) when K coincides with the first r spins of B, or as it is explained in the following when the length of B is less than r. Thus
We suppose that N is large enough in order that the contribution of the boundary terms is not relevant, although the results are in general valid also for shorter chains, with account of the boundary terms. Therefore a chain of this type, with spin values S = ±1 and n ± repeated spins ±1, will have energy E(C) = n + + + n − − + E(C), where ± = −J ∓ h are the corresponding energies and the chainC does not contain repeated spins, i.e. it is formed by blocks of up-down spins ↑↓. Thus the energy of the chain can be reduced successively to a sum of the energies of the blocks which compose it, i.e. C + =↑, C − =↓ and C +− =↑↓, and
where n +− is the number of blocks ↑↓ and +− = 1/2E(C +− ) = J are the energies per spin, i.e. the energies divided by the number of spins of the block. Note that the energy of a block ↓↑ is the same, −+ = J. One of these three energies will be minimum in some region of parameter space, hence the configuration given by the repetition of the corresponding block will be a ground state of this chain. For higher spin, with a number of values S, equation (7) will be now
Thus there are 1/2S(S +1) irreducible states with spin energies u = −J(S u ) 2 −hS u and uv = −JS
Consider now a chain with second nearest neighbor interactions, with first and second neighbor couplings J 1 and
, its energy is also given by (6), but now E(U ) = −(J 1 + J 2 + h). Let us take
, where B = U 1 U 2 · · · U k and k > 1. Its energy is
where C 0 C 1 is a chain formed by C 0 and C 1 placed one after the other, and
and
We call irreducible a block B, whose energy is (10) , if the regular chain B · · · B cannot be, nontrivially, reduced in the same way as (9) . A trivial reduction would be to reduce it by the same block B. Thus if a block is irreducible, a cyclic permutation of its spins is also irreducible. Consistently with it, it is easy to see that (10) is invariant under cyclic permutations of U 1 U 2 · · · U k . Hence an irreducible block can be represented by any its cyclic permutations. Therefore, for S = 1/2 and nearest neighbor interactions, the only irreducible blocks are: for one spin ↑ and ↓, for two spins ↑↓, for three spins ↑↑↓ and ↑↓↓, and with four spins ↑↓↓↑.
Following this construction, it is straightforward to generalize reducibility for a chain with r-neighbor interactions. The idea is that there is a block B in the chain, whose energy E(B) is the same as in a regular chain of this block, i.e. formed by repetition of itself. In this case, the energy of C decomposes into the sum of E(B) plus the energy of the rest, and the rest assembles naturally into another chain and could reduce further, as in (9) .
There are two cases, for a block B = U 1 · · · U k with k < r spins, we must have
where l is the greatest integer such that kl < r and m = r − kl. If k > r, then the chain must satisfy
In both cases the energy is given by (9) . These two cases are resumed by the displaceable blocks of Morita [2] , which means that there are two identical r-lenght blocks (r-blocks) at different places in the chain. If these blocks intersect we have (11) and in the contrary case (12) . Hence the length of a reducible block must be at least r + 1, i.e. all blocks with length k ≤ r are irreducible. Further, if a chain is long enough, there will be necessarily displaceable blocks. Indeed [2] , if the number of spin values is s M , then a chain of length s r M + r will contain at least one displaceable block, because this chain has s r M + 1 succesive r-blocks, and there are only s r M different such blocks. Thus the length of an irreducible block can be at most s r M + r − 1. However, the equivalence under cyclic permutations imposes a further restriction on these blocks (for r > 1). Indeed, a maximal length irreducible block B can be constructed by arranging the s r M different r-blocks as in the preceding case. Then, cyclic equivalence allows us to set at the beginning of the block, an r-block with equal spins S · · · S, hence the next r-block will be S · · · SS , with S = S. Further, there are s M − 1 r-blocks S S · · · S and s M − 2 r-blocks S · · · SS , S , S = S, S = S . s M − 2 of the former blocks will appear together with the last ones, as the (r + 1)-blocks S S · · · SS . Thus the remainig r-block S S · · · S must be the last one, and by cyclicity, its r − 1 spins S can be located at the beginning of B, hence there will be a block with 2r − 1 equal spins, which is reducible. Therefore, in order that B is irreducible, it cannot contain these r − 1 last spins, and its length cannot exceed s r M . If the lattice is parity symmetric, as is the case of homogeneous lattices, the energy of an irreducible block can decompose as shown in the following, and the maximal length of irreducible blocks decreases [4] . As seen in the previous paragraph, the condition that an irreducible block does not contain more than s r M r-blocks leads to a maximal length of s r M . Among these r-blocks, there may be r-blocks with parity symmetry around their middle, i.e. of the form S 1 · · · S r/2 S r/2 · · · S 1 for r even, and S 1 · · · S (r−1)/2 S (r+1)/2 S (r−1)/2 · · · S 1 for r odd, we will call these blocks p-blocks. There are s
, there will be p-blocks [4] . Let us suppose that an irreducible block B contains n p-blocks. Then, by means of a cyclic transformation, we can write B = P 1 C 1 ∪ P 2 C 2 ∪ · · · ∪ P n C n , where P k are p-blocks, joined by the blocks C k . The union symbols ∪ take into account that the p-blocks can overlap. If A and B overlap, then A ∪ B must be taken in the same way as in set theory, i.e. it contains A and B without duplicating elements, in other words
, where the intersection is the overlapping block and the simple product means to place one block as the continuation of the other. We will take in the following as a prescription A ∪ B = (A \ A ∩ B)B, i.e. for A we take the part of it not contained in B. If we call p(B) orB the parity transformation of a block, thenP k = P k . Further, we define a new block by insertions of I i = P i C i ∪ P i+1Ci , as follows
where P n+1 ≡ P 1 . In the case that there is overlap, say between P i and P i+1 , and C i is void, then there will be overlap between I i and the following P i in the first row of (13), given by p(P i ∩ P i+1 ), hence in this case
Then B reduces and
Further, (13) leads also to
where in the case of (14), the corresponding terms in the first row will be 2E(P i \ P i ∩ P i+1 ; P i+1 ) + E(P i+1 \ p(P i ∩ P i+1 ); P 1 ). Therefore, after a cyclic permutation in the last term of (13), we get E(B ) = 2E(B) + E(B). Thus, if the interactions are parity symmetric then, E(B) = E(B) and E(B ) = 3E(B), i.e., taking into account (15), we get [4] 
where the lengths of the blocks, i.e. their numbers of spins, satisfy l(B) = 1/2 i l(I i ). From the definition of I i it can be seen that their lengths are even. The sum in (17) can decompose farther, if some of the blocks I i are reducible The decomposition (17) is non trivial if it contains at least two different terms, which requires n ≥ 2. However, if n = 2 andC 2 = C 1 , then (13) becomes B = I 1 I 1 I 1 and B = I 1 . Hence in this last case the reduction requires n ≥ 3. This remains valid when P 1 and P 2 overlap. Thus, the condition for B decomposing nontrivially, i.e. (17) contains at least two terms, is l > s
The main assumption in the previous analysis is, up to boundary terms, that the lattice is translational invariant. Moreover the demonstration is facilitated by the convention that the exchange energy of a spin accounts its interactions with the spins to its right (it could be the other way around). Additionally, the parity invariance of the lattice reduces the maximal length of the elementary ground state blocks.
Therefore, the energy of a chain is the sum of the energies of irreducible blocks. A block B is irreducible if its regular chain, B · · · B cannot be nontrivially reduced. Hence the cyclic permutations of an irreducible block are equivalent. In this way all irreducible blocks can be obtained. Further, if an irreducible block contains at least 2 or 3 p-blocks (see above
M + 2. Therefore, after a full reduction, considering (17), the energy of the chain is, up to boundary terms
where ν i = m i + n i /2, m i are integers and n i are even integers corresponding to the decomposition (17) and (B i ) are the energies per spin. Therefore, consistently, l(C) = i ν i l(B i ). Therefore, if B 0 is the minimum energy block in (18), then the corresponding regular chain will be the ground state. Moreover, it may be that a block composed by the same irreducible block is as well irreducible, e.g. ↑ and ↑↑ for second neighbor interactions. They have the same energy per spin and represent the same ground state. Thus it is enough to consider only the simplest one.
III. DIATOMIC CHAIN
We generalize the preceding procedure for chains with period 2, with two types of spins S
2N , although, as mentioned in the first section, it could begin as well with a spin of type (2), differing only by boundary terms. The generalization of (3) is
where
if a is even. In the following, as in the previous section, for simplicity we will consider bilinear interactions, although the computations remain valid for (19). Thus, for first neighbor interactions, the Hamiltonian in the presence of a magnetic field is given by
where in general the chain will have periodic boundary conditions, but if it is finite, then S (a) i = 0 for i > 2N or i < 1. One spin can reduce if it repeats, and it can repeat only after an integer number of periods. Thus reducibility must be defined on blocks of the size 2k. Hence, we take
The energy of this chain is
where S
2(n+1)+1 = U (1) . Therefore, similarly as for (9), this energy can be written as
where now E(
. Instead of (21), we could have C = · · · S
2n−1 S
2(n+2) · · · , with the same result. Thus, following these lines, a block which reduces a diatomic chain has an even number of spins, B = U
with energy given by (9) . Thus, B is irreducible if it cannot be reduced as (24). As the property of irreducibility is given with respect to the formation of regular chains, if B is irreducible, so will be any cyclic permutation of its spins. Further, the energy of all these permutations is the same, as the corresponding regular chain does not change (up to boundary terms). Under a parity transformation a chain transforms as C →C = S
2N S
(1)
2 S
1 , and its energy E(C) is given by E(C), with the couplings interchanged J (1) ↔ J (2) . Thus, the chain is parity symmetric only if it is invariant under J (1) ↔ J (2) , which amounts to J (1) = J (2) , as can be seen from (20). In this case the spin types must be different, otherwise the chain would be monoatomic. In this case, if r is odd and greater than 1, a chain can contain p-blocks and it can be seen that an irreducible block will decompose as in (17).
Next we give some examples, for S (1) , S (2) = 1/2, for k = 1, the irreducible blocks are C ++ =↑↑, C +− =↑↓ and C −− =↓↓ with energies per spin
) + h. Note that these energies are symmetric under J (1) ↔ J (2) . For k = 2, the only block is C ++−− =↑↑↓↓, whose energies are
). For k ≥ 3, it is easy to see that there are not irreducible blocks.
If the spins of both atoms differ, at least the type of the first spin of the block must be specified. For example if S
(1) = 1/2 and S (2) = 1, where now we give to the spin S (1) the values ±1/2 and to S (2) the values ±1, 0. The irreducible blocks will be
↓ with energy
→ with energy
For second neighbor interactions, the Hamiltonian is
In this case if B = U 1 U 2 · · · U 2k and
Then the energy is given by (9) . For k = 1, with first spin of B of type (1),
In general this energy is not symmetric under (1) ↔ (2), although there are cases like S (1) , S (2) = ±1 for which it is symmetric. In this last case the irreducible blocks are C ++ =↑↑, C +− =↑↓ and
2 ) and
or what is the same U 2 U 3 = U 4 U 1 . Thus the irreducible blocks and their spin energies are
2 ) + h/2 and
, which are irreducible if the pairs U 1 U 2 , U 3 U 4 and U 5 U 6 are all three different; further, considering the invariance under cyclic permutations, the pairs U 2 U 3 , U 4 U 5 and U 6 U 1 must be also different. It turns out that in this case the irreducible blocks are degenerated under the interchange (1) ↔ (2) and it is not neccesary to specify the spin type. Thus we get ↑↑↓↑↑↓ with energy per spin 1/6(J if the first spin is of type (2). There are not irreducible blocks with a higher number of spins.
For interaction range r, the Hamiltonian of the chain is
Let us consider a block B = U 1 · · · U 2k , for which we take the first spin to be of type (1) for definiteness. Thus, as in the previous section, there are two cases: a) if 2k < r and b) 2k ≥ r. In the first case we have
where s is the smallest integer such that 2ks < r and t = r − 2ks. Further a = 1 if r is even and a = 2 if r is odd. In the second case, 2k ≥ r, we take
In both cases the energy is given by (9) . Therefore a block B is irreducible if the chain with configuration B · · · B cannot be reduced by another block as in (28) or (29). In order that a block can reduce, its length must be at least r + 2 and the notion of displaceable block of morita generalizes and requires that there are two identical blocks of length r, but now the distance between them must be 2n. Further, the cyclic permutations of an irreducible block are also irreducible and have the same energy. Thus, an r-block beginning with any of both types of spin, will be displaceable if there is an identical r-block in another position, hence the first spins of both blocks will be at an even distance. Thus, if s M and s (2) M are the number of values which can take both types of spins, the maximum number of different possible configurations will
M ) for r odd. Thus a block will be always reducible if its length is 2C M (r) + r − 1, because it will have the maximum number of possible configurations plus one. In the parity symmetric case, with J (1) = J (2) , and different spin types S (a) in order that it does not reduce to the monoatomic case, there will be p-blocks if r is odd (r > 1), and the analysis of the previous section can be repeated almost without changes. Indeed, the blocks I have even length, hence begin and end at the opposite type of spin, and (13) can be implemented.
As an example, for r = 3, for equal spins S (1) , S (2) = ±1 (different couplings), the irreducible blocks are ↑↑, ↑↓, ↑↑↑↓, ↑↑↓↓, ↑↑↓↑↑↓, ↑↑↑↓↓↓, ↑↑↓↓↑↓, ↑↑↑↓↓↑↓↓, ↑↑↑↓↑↓↓↓, ↑↑↓↑↓↓↑↓, plus the ones obtained by the interchange ↑↔↓, up to parity invariance.
IV. POLYATOMIC CHAIN
The previous procedure can be straightforwardly generalized for polyatomic chains, with l different types of atoms, which different spins and couplings. Such a chain has the form C = S
2N , and there are l different couplings at each level of interaction range. The Hamiltonian (3) is now
for integer j > 1 and 1 ≤ a ≤ l. As in the preceding sections, for simplicity we consider bilinear interactions. For next nearest neighbor interactions the Hamiltonian is given by
Thus, a reducible chain has the form
Thus the chains C 0 and C 1 can be merged and the energy of C is given by (9) , where
where U kl+1 ≡ U 1 . Thus irreducibility is defined in the same way as before and the cyclic permutations of an irreducible block are irreducible and all of them have the same energy. For l ≥ 2, in general there is no parity symmetry because from the right the order of the spins changes and it cannot be restored by a cyclic permutation. It can be seen that there is no symmetry even if parity affects only whole molecules, i.e. if the order inside molecules is not changed. If all the spins take the same values, then an irreducible block can be specified as B = U 1 · · · U kl , although its energy (34) will depend on the type of the spin U 1 . Thus in general for this block there will be l energies, which can be obtained by the cyclic permutations of the couplings {J
(1) · · · J (l) }. For instance for a triatomic chain, with spin 1/2 for the three atoms, the irreducible blocks with k = 1 are C +++ =↑↑↑ with energy per spin
C ++− =↑↑↓ with energies
For k = 2 we get C +++−+− =↑↑↑↓↑↓ with energies
+++−+− = 1/3(J (2) −h) and C +++−−− =↑↑↑↓↓↓ with energies
, and so on for higher k. For range r interactions the Hamiltonian is
for a > l is defined as previously. For the generalization of irreducibility, consider again B given by (33). As in the previous sections, there are two cases: a) lk < r and b) lk ≥ r. In the first case take
where s is the smallest integer such that lks < r, t = r − lks and a = r + 1, where r < l is such that r = pl + r , p ≥ 0. For the second case
In both cases the energy is given by (9) , where E(B) can be calculated by means of (35). Therefore a block B is irreducible if the regular chain, with configuration B · · · B, cannot be reduced as in (36) or (37). Moreover the cyclic permutations of B are also irreducible and all of them have the same energy. Thus, in order that a block be displaceable, its length must be r and there must be another identical r-block at another place, i.e. the distance of their first spins must be a multiple of the the period l. Thus the length of a reducible block must be at least l + r. Further, if the number of values of the spins of the chain are s ). Hence the maximum length of an irreducible block will be kl, where k is the maximum integer with kl ≤ l(C M − 1) + r. Similar to the diatomic case, if the molecules are parity symmetric there will be p-blocks, which will be centered on a molecule, but in general (13) will not be possible, unless the blocks I i have a length multiple of l, such that they can be inserted.
For the previous triatomic chain, with r = 2, the maximum length for irreducible blocks is 9 and, additionally to the irreducible states for r = 1, for example the state ↑↑↑↑↓↓ is irreducible, with energies 2(−J 
2 ) − h and its cyclic permutations.
V. GROUND STATES
Ground states are obtained from irreducible blocks by direct comparison of their energies in the parameter space. In the absence of magnetic field, there is a symmetry under the interchange up↔down, but in the presence of a magnetic field, the blocks with more than half of the spins pointing down cannot be ground states. In certain regions of the parameter space, which can be points or lines, there is degeneracy, i.e. there are ground states with the same energy. In these cases other ground states could be formed as follows [2] . If some of these blocks, or cyclic permutations of them, B 1 , . . . , B ν , are such that the first r spins of each of them coincide, then they can be merged into an irregular chain in any order C = · · · B i · · · B j · · · and the total energy of the chain will be the sum of the energies of the blocks
, where E(B) is the energy of the blocks and n i their frequencies. Otherwise, if the blocks cannot be merged, the regular chains formed by these blocks coexist, i.e. they can transform into each other spontaneously.
In the following we give the ground state diagrams for three cases, with a magnetic field h > 0. 
VI. CONCLUSIONS
We have given, for polyatomic chains, a generalization of Morita's work [2] on the evaluation of a chain to obtain its ground states, based on the concept of irreducible blocks. We first review Morita's works [2, 4] , and give an explicit demonstration of the results of the second work. By polyatomic chains we mean chains with a periodic structure, with different spins and exchange interactions of any range. The main assumption is translational invariance of the lattice, up to possible boundary terms. Moreover, the account of the interactions to the right of a spin (it could be to the left) allows for a systematic treatment. We consider first diatomic chains in several cases, and then we give the generalization to the polyatomic case, with interactions of any range. We show that, for periodicity l and interactions of range r, the length of the irreducible blocks is a multiple of l and has a maximum value kl, where k is the maximum integer with kl ≤ l(C M − 1) + r, as given at the end of Sections III and IV. The ground states must be chosen from the irreducible blocks by direct comparison of their energies. There may be degenerated states in such a way that nonregular ground state chains could be possible. In general there is no invariance under parity. For very long chains the boundary effects can be neglected, but for short chains their contribution can be important, and should be considered individually [6] . We illustrate the results and give the ground state diagrams for diatomic and triatomic cases, with equal and different spins. These results could be applied to the study of polymers [10] and lattice gases [11, 12] . An interesting question would be to see if the different interactions compete and lead to frustration [13, 14] . The Ising model on two-dimensional stripes can be reduced to the study of chains with second nearest interactions [15] . It would be interesting to consider cases with different types of atoms.
